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ABSTRACT

Our research focuses on examining a mixed problem associated with a second-order parabolic equation that features temporal mixing and variable
coeflicients, subject to non-local and non-self-adjoint boundary conditions. We establish the problem’s unique solvability by imposing specific conditions
on the provided data, utilizing a combination of residue and contour integral methods. Additionally, our study produces an explicit analytical solution for

addressing the problem at hand.

*Corresponding author

H.I. Ahmadov, Department of Equations of Mathematical Physics, Faculty of Applied Mathematics and Cybernetics, Baku State University, st.

Z. Khalilov 23, AZ-1148, Baku, Azerbaijan.

Received: July 01, 2024; Accepted: July 04, 2024; Published: July 15, 2024

Keywords: Parabolic Equation, Time Shift, Mixed Problem,
Residue Method, Contour Integral Method

Introduction

Well know that the problem of so-called nonlocal boundary
conditions are the included and developed by A.A. Samarsky and
A.V. Bitsadze and plays important role of the theory differential
equations and equations of mathematical physics, yet [1].

Presently, one of the important problem is the study of problems
with various types of nonlocal boundary conditions, because
multipoint boundary value problems for ordinary differential
equation have many applications in the modeling and analysis of
problems arising in electric power grids, electric railway systems,
telecommunication lines, as well as in chemistry and analysis of
kinetic reaction problems. They have been intensively studied
in Refs. [2-8].

However, there are only a few works devoted to non-stationary
problems along with multipoint boundary conditions, for example,
[9-13]. The work deals with three-point boundary conditions
subject to the nonlinear parabolic Cauchy problem [8].

Another side same problem also studied in Refs. [14-17]. In
work [14] studied a semi linear parabolic equation in 1D along
with nonlocal boundary conditions studied. The value at each
boundary point is associated with the value at an interior point of
the domain, which is known as a four-point boundary condition.
First, the solvability of a steady-state problem is addressed and a
constructive algorithm for finding a solution is proposed.

A method for regularizing boundary value problems for a parabolic
equation was developed in [15]. A singularly perturbed boundary

value problem on semiaxis is considered in the case of a simple
rational turning point. To prove the asymptotic convergence of
the series, the maximum principle is used.

Must be noted that in [16] is devoted to the fundamental problem
of studying investigating the solvability of initial boundary value
problems for a quasi-linear pseudo-parabolic equation of fractional
order with a sufficiently smooth boundary. The difference between
the studied problems is that the boundary conditions are set in
the form of a nonlinear boundary condition with a fractional
differentiation operator. The main result of this work is establishing
the local or global solvability of stated problems, depending on
the parameters of the equation. The Galerkin method is used to
prove the existence of a quasi-linear pseudo-parabolic equation’s
weak solution in a bounded domain. Using Sobolev embedding
theorems, a priori estimates of the solution are obtained. A priori
estimates and the Rellich-Kondrashov theorem are used to prove
the existence of the desired solutions to the considered boundary
value problems.

In Ref. [17] considered an inverse problem of time fractional
parabolic partial differential equations with the nonlocal boundary
condition. Where Dirichlet-measured output data are used to
distinguish the unknown coefficient. A finite difference scheme
is constructed and a numerical approximation is made. Examples
and numerical experiments, such as man-made noise, are provided
to show the stability and efficiency of this numerical method.

The paper deals with a mixed problem for a heat-conductivity
equation with time shift in nonlocal and not self-adjoint boundary
conditions [18]. Unique solvability is proved under minimum
conditions on the initial data and an explicit representation for
solving the problem is obtained.
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The papers [19,20] consider mixed problems for a parabolic
type equation with constant coefficients under homogeneous
and inhomogeneous boundary conditions with time shift in
some of them. And also, under certain conditions on the data,
by combining the residue and contour integral method [21,22]
the unique solvability is proved and integral representations for
solving the stated problems are obtained.

Unlike numerous known works devoted to problems for partial
equations including parabolic ones, whereon the time deviatin is
in the equation or instead of boundary ones there are functional
conditions ([23]-[28] etc.), we consider the problem where the
time shift of the desired function occurs in boundary conditions

Taking these points into account, it can be argued that the study of a
mixed problem associated with a second-order parabolic equation
characterized by temporary mixing and variable coefficients
subject to non-local and non-self-adjoint boundary conditions
is one the important problems. and an important problem in
mathematical physics.

Problem statement:

Let
L(a,aJu(x,t) = a(x)u +b(x)u, +c(x)u—-u,
ox Ot . ¥ !
Lu(x,t)=u(xt+(1- j)@)+Su(l-x,t+ jo),j=0,1
L) =yt (x0)+ ™ (1), /=23

where a(x),b(x),c(x) are the known coefficients and are real
functions, »,5 ,a,, ,(j=0,1) are real constants, &> 0,6,.6, # 0

In the half-plane 11={(x.r):0<x<1r>0} we consider the following
mixed problem

Lu(x,l‘):O, (x,f)el_l, (N
u(x,0)=9p(x), O<x<l,, (2)
lju(x,[) = 0, >0, j=01 3

lju(x,r)LZO =0,0<t<w,j=23. (4

The solution of problem (1)-(4) is the functionu (x,t), satisfying
the following conditions:

Dulx,t) eC*(MNCO<x <t t=0);
t

fu(x,r)dre C0<x<1, t=0);

)]

Dlux,t)eC(0<x<1,t>0), j=01;
Nulx, ) eC(0=x<1, 0<t=w), j=2,3;

4) u(x,r) satisfies the equalities (1)-(4) in the usual sense.

The uniqueness of the solution: The problem
d , _

L(E’” )y(x,u)—O, )

Ly(ea) =023 ()

is a said to be the first spectral problem with a complex parameter
u. Here

L(;i,;f}y(x,y):a(x)y”+b(x)y'+c(x)y—,u2y.

It is known [21] that fundamental systems of particular solutions
of equation (5) have the asymptotic of representation the form

y(x,u)={B(X)+OCIHGXPu( ) fa((?)}d‘f} (7)

where

w(x) is a diagonal matrix of the following form

It is known [29,30] that if @ (0) e, +a(1) Byer, 20,

then for all complex values p, where y1 # 1,

H, =de)] [mo l(Ai\/ﬂ)+27rvi)+0[%J,v —w (8)

a(x 2

x)

x

A= [51(0)010[1’1 +a(1)ﬂ005l (Zaoal epr dx]+2,BOﬂIJ

there exists the green function G, (x,&, ) 30f problem (5), (6),
that is analytic for u # . By S we denote the set of eigenvalues

M, , i.e.S={,uV :v=1,2,...}

Enumerating the points £, (v =1,2...) form S in ascending order
of their modules taking into account their multiplicity, we have

‘,ul‘S‘,uz‘S...,
M, by X, .Itis clear that

h>0,0> 0’ that

H,. We denote the multiplicity of the eigenvalue

H,

— oo(v > ®) , there exist such

—h < Re u, <h, wl>28 (v=1,234..) (9

lys1 —
From the Green function G, (x,&,u) the following estimation
holds

‘
W<CH (k=0,12), (10)
X

C, >0.

If f(x)eC[0,1], then
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d )
L(dx,u MGl(x,f,ﬂ)f(f)d§=—f(x), (1D

1,G (x.¢, ,u)|x=0 =0,j=23.

Let f{x) be from the domain of definition of the operator of the
first spectral problem i.e.

f(x)ec[o1], zf\ =0,7=223.

Then we have the equality
1 1

J6i (v 1 (£)a2 = f ICICEE

0 0

x[a(£)/"(€)+b(£) () +e(&) S (&)]as. 12)

Let C>0,7r>0 be some numbers, z be a complex variable. Denote
by 3. = {z: Re z% = c}a hyperbola with the branches

3 ={z:Rez’ =¢,+Rez >0}, by @, ={z:|z|=r} acircle,
Q,(6,..6,) is an area of the circle ©, enclosed
between the rays z=cge” (0<o<w, i=-1,/=1,2).
Note that the arcs {z |z|=r.Rez? 2 c,Rez < 0} and
{z || =rRez’ <c,Imz < 0} connecting the branches and the sides

of the hyperbola J_ in our denotations will be

Q. (-0.,.0, )Q (ew,—@w+7r),9,(—9m+;r,9w+;r),

Q,(6,, +7.-0,,+27).

. r
respectively, where 6, , = arctg, | .
’ r’+c

We introduce the contours

3z,
j Jf :{z:iz:ae 8',ge|:2C\/1+\/5,00),}U

u{z:iz:c(lJrir]),i] e[71—\/5;1+\/§}}u{z:iz:o-e%i,o-e[ZcxllJrﬁ,oo)}.

3(

“_\D

We denote a part of contours J,,3*,3,,5° enclosed inside the
circle Q,, by 3, .3:,.3.,.5¢, respectively. Al last, by Error!

Objects cannot be created from editing field codes. for

2
r>2c 1+§ we denote closed contours
Fc,r = -Qr(e,:_r + M, _Hc,r + 271) U S:r U 'Qc,r(gc,rr _ec,r + T[) u Sg,r ’

=3, 00,(-6..0,). I, :inu@,(—i” 3—”]

8’8 )

Let {r } be a sequence of such numbers that

0<n<n<..<r<..,limr =0

The circles Q  do not intersect the J vicinity (4 is rather small,
fixed ) of the points x4, € S . The number of points lying inside

Hy ’FM (h from (9)) is denoted by m . It is seen from (12)
that for the functions £ (x)e C*[0,1],1,/| =0 (j=23)

o [ G, (&) f(£)dE = f (3)+

+ﬁ | ”fld”iG x&u)[a($) S (§)+6(£) S (&) +e(8) S (£)Mds,

i.e.

F(9)= 3res [G (5. 0) () -

L j ,u’ld,uJ.G x& u) a(§) S (§)+b(£)1(§)+e(§) S (£)dé

Due to the estimation (10) and analyticity of the function G, (x,&.u)
in the domain {y: + Re p > h} we have:

1

tim [ a7t [ 6,006 (©) + S ©) + e F 1 -

n—oo
rh,rn 0

1

tim [ i [ 6,60 &I + O ©) + cOF 1,

n—oo
Qo 0

1

[ itan [ 6. gt © + bOF © + e 18| =

Qppy 0

1
d
= [ [ 166 mllar ) + b1 © + e Ol s =
o 0

f |d#| |Fl|

la(@)f" (&) +b(Ef () +c(Of () = M,

f:“‘“
0

thus,

f(x)zliigirﬁsy JG] (X,f,,u)f(f)dgz

:irff” .[Gl(x,é‘,u)f(f)d§ (14)

converges uniformly with respect to x €[0,1].

J Phy Math & its Appli, 2024

Volume 2(4): 3-10



Citation: Yu A Mammadov, H I Ahmadov (2024) Existence and Uniqueness of the Solution of a Mixed Problem for a Parabolic Equation Under Nonconventional
Boundary Conditions . Journal of Physical Mathematics & its Applications. SRC/JPMA-133. DOI: doi.org/10.47363/JPMA/2024(2)116

We prove the following theorem:
Theorem 1: Leta(0)a, B, +a(1) B, =0 0(x)eC*[01] ,ig| =0,

x=0

(j = 2,3), the functions a(x),b(x),c(x) be continuous in the

interval [0,1],a(0)a(1)#0 anda(x)>0, xe[0,1]. Then

problem (1)-(4) can have at most one solution.

Proof: We introduce the operators

A Lf (x)]=res le (&u)f(£)de=1.(x).  (15)

taking each function £ (x)e C[0,1] to f,, (x)eC*[0,1],
L.fo (x)\x:0 =0, (j=2,3) It is seen from (14) that if /(x)eC*[0,1]

and /, f‘x:o =0, (j=2,3) then

©

D Sw(x)=1(x) (6

v=l

Note that if problem (1)-(4) has some solution u (x,f), this function
is the solution of problem (1), (2), (4) as well in the domain

{(x,):0<x<1,0<7 <o} Since the operator of the problem

(1)-(4) is hyper elliptic, using conditions 1)-3) from the definition
of the solution, it is easy to see that the solution of problem (1),
(2), (4) and, its derivatives u,,u, . for each t € (0, w] are

continuous with respect to x €[0,1]. Therefore, applying
to (1), (2) the operators 4, , we obtain

4 (%’j 4, (a(x)%+b(x)%+c(x)u(x,t)}

,#)614(5,1‘)

1
o dé= res ! _!;Gl (x, & p)x

1
25+1
res !Gl (x.&

x[a(9‘)%+b(§)g—z+c(§)u(§,t)}d§,

0 s+ h 5+ ;
ek [G (6 m)u(§,0)dg = res 7 [G (0,6, ) u($,0) g,
v 0 v 0

ou,, (x,t)
ot

=u, (x,t) (x O)

w(X)(17)

The multiplicity of the pole p_v of the Green’s function G(x,&,u)
will be denoted by . Then it is clear that
4, [(#2*#3) ‘}u(xat)=0a (18)

where we have:

ie.
2l ok
u,, (x,1)= _;CZ (_#VZ )" ’ (19)
x,!
Where C}, :7}(!(1 T

Taking into account (19) in (17) we obtain that the set of function
u, (x,f) (s=0,y, 1) is a solution to the problem:

Do) ) (20)
dt
aall) )
Aﬂzigg;_zck( N (o)
tyy (3.0) = 00 (ot (1:0) =3, (). 21

the problem (20) and (21) has a unique solution and is represented
by the formula

1
f@@f#W@Mﬂ
0

for the problem (20) s=0 and for the problem (21) s=0,1. Then
by means of (16) we find

Uy (x, t) = res p>*t et
Uy

u(x,t):ires,ue”z’ j.Gl(x,g‘,,u)(p(f)dcf (22)

Let problem (1)-(4) have two solutions u, (x,¢) and
w,(x.1) (#(x.2)#w (x.0)). Then their difference
w(x,t)=u, (x,0)~u, (%) will be the solution of the homogeneous

problem (1)-(4) withg(x)=0and by the sense taken of
the homogenous problem (1), (2), (4) in {(x,1):0<x<1,0<:<o}.

Then by (22) w(x,1)=0 for 0<x<1,0<¢<w from conditions
2) it follows that w(0,¢)=w(1,¢)=0, for /> 0. In connection
with these and condition 1) it is easy to see that the function

U(x,l) ZJW(X,T)d‘[
is the solution of the homogenous problem
9, =a(x)9Lv +b(x)3 +c(x)$, O<x<lt>2w- U(x,a)) =0
(0<x<1),w(0.0)=

(0<x<1,¢t> q), then allowing for the maximum principle [30,31],
we conclude thatv(x,r)=0, (0<x <1t > w ), consequently,

v(x1)=0, (0<x<1,:20).

w(Lt)=0, (> ®), continuous in

Under the condition of theorem 1 and allowing for equality (12)
we can reduce formula (22) to the form

u(x,1)= 1515112— I#gﬂidij (x.& ) p(&)dE =

,(p(x)Jrhm— J.,u_l a‘“dij (x.& 1) %

nao D ﬂ'l
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x[a(§)e"(§)+b(S)9' () +c(&)o(8)]de 23)

Keeping in mind the expression (13) of the contours ", = and
- a st 3w 3n 5T Q-
Jhr, weknow thatf,, = o, (-2,-F)us;, va, (5.5 us;,,.

Now, estimating the function euzt on the arcs

5r 3r
Q, ,?Jrﬂr—?JrﬂT (7=0,1), we have

2 2 2 7t‘,tt‘2£ —21‘/1‘
oz | _ etRey _ et‘/t‘ cos2arg i <e 2
Thus
1
lim | p e du G (x,&, p)x
n—>0 0

u( et +,”]
x[a(£)0"(6)+5(£)9 (&) +e(£)p(£)]ds=0,(j=0.1).

Then from (23) we have

1ot e
u(x,t)=co(x)+2mj{ﬂ Lo dﬂ{@ (x.8,1)%

x[a(&)p"(£)+b(E) e (£)+c(£)p(£)]de

and using the property G, (x,&,—u)=G,(x,&, 1) for solving the

problem (1), (2), (4) we obtain the following formula

Lo o
u(x,t)zq)(x)+;j,u 'e" a’ij1 (x, &, p)x
5 0

x[a(£)g"(£)+b(&) (£)+c(E)p(&)]dE. 24)

For ‘,u‘ >2h, fl +\/2E , 1.e. on the distant parts of the contour

J; we have

i [6 (n ) [a(€)p () +b(£) 0 () ()0 (£) ] <
een-z - 2M2
<Clu[™™ (2k+m<2). (25)
o 0
ly, th
Consequently, the operator ions L[ax po j Lu HO( j=23)

for 0<x<1,0<¢< @ can be taken under the integral sign (24)

and then allowing for (11) we have

0 0 o 0 L ooy
(a 6ju(x,t)—L(6x,at]{go(x)+m_§£ﬂ e d,u_([Gl (x, &, )%

x[a(£)g"(£)+b(£)@ (&) +c()p(&)]de} =~[a(x)g" (x)+b(x) ¢ (x)+
se(x)o(x)]+ a(x)(o"(x)+b(x7):'(x)+c(x)(o(x) J./fl =

i

—la(x) " (x) + b(x) ¢’ (x) + c(x)px)] +

a(x)e" (x) + b(x)@'(x) + c(x)p(x)
+ lim

-1 op%t g, —
o Im | p—e du = 0.

Chr

1

L
Gu@,t)|_ =1 ItP(X) + EJ pt et tdy fGl(x, &) x
Sk

0

1 .
x [a(©)¢" () + (@' () + c(O)P(O)lxo = ho(0)| _ + J Ht et tdp -

h

: jiﬁl (x.2.m)| _ [a(£)e"(£)+8(8)0 (£)+e(&)p() ]ds =

=0+0=0,(;=2.3).
From formula (24) one can find the boundary values of the solution
to problem (1), (2), (4).

L oo
u(s,t):(p(s)+;jy 'et d,uJ.G1 (x,f,y)x
3 0

x [a(@©)e" () + b(O)e"(€) + c(Op(9)]dE = ys(8). (s = 0, 1), (2¢)

Note that integral (26) for ¢t >0 and integrals from it formally
differentiated with respect to t any number of times for £¢ >0
(¢,>0 is arbitrary) uniformly converge.

Existence and presentation of the solution

Applying the integral operator A f]= Te*ﬂzf f(t)ar (see. [6]) to

0
the equation (1) and boundary condition (3), we obtain the
following second spectral problem with a complex parameter A:

L(a,ﬂ jz(x,l)z—(p(x), @7)

e ”’Z(O,l)+§oz(1,/1) = A(/l)
(28)
B(2),

2(0,2)+ 8¢ z(1,4) =
where
d " !
L[a,lzjz(x,ﬂ) = a(x)z +b(x)z +(c(x)—ﬂ.2)z,

Azmwe—lzt
0
B(A)= 5e’"~‘”j “Fru(Le)dt.

1

Boundary conditions (28) can be reduced to the following form
2(0.2)=p.z(L2)=4. (29)

where
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P =2z, (’1) = [é‘leuzw _50]1 (71‘4(1)8120) _703(1))

q=z(1)= [5@“2” -9, Il (elZ”B(ﬂ) - A(/i)). (30)
Let us consider the function
Q(x AP, q {exp[ I (\/7 zba(()cj)]dxj—exp[j;( a)Ex) - zba(()cj)]dx]l[p[exp[—_[;( a}Ex) " Zba((xx))]dx—q]exp[J.:(\/j('?)_ Zba((i))]deg
] PR ENIC)) . b(¢)
g p(eXp[I"(W + Za(x)]dx) [exp[—jﬂ(\/%— 2a(§)]d§] .(31)

where p and g are determined by formula (30).

-1
1

If ,i.e. p and q are constants, then the function Q(x,/i,p,q) except the points 1 = Ddzc)] wri+0(lj, Vv —o0 I8
vAajalx v

everywhere analytic.

d
Obviously, at all the points of A, where O(x,2,p.q) the following identities exist and are valid L(dx,lsz(x, A,p.q)=0 (32)

0(0,4,p,9) = p,0(1,4,p,9)=q.

It is known that for the spectral problem
L (; JA? j z(x,4)=0,2(0,4) = p,z(1,4) =0, with a complex parameter A, we have the Green’s function G, (x,&,4), analytical on
X

A everywhere, except for the points 4, = [_[ \/7] vri+ O( 1] v — oo which is its simple poles.
a(x)

Note some known facts of the Green function G, ( x,f,/l): there exists such§ > 0 that on the A plane outside the set
LA A=A, <63 the following estimation

8"G2(x,§,l)

——<C- 27 ,Cc>0,k=0,12, 33)
X

is valid for all x,& e [0,1];

for A=A, (v=0,%l,...)

L(Zc,ﬂszz(x,é,ﬂ)w(é)dé=—</’(x)>

G,(0,£,1)=G,(1,£,4)=0. (34)

Obviously, the solution of the second spectral problem is represented by the sum of two solutions:

1

2(20,2) =[G, (x.6,:4)p(¢)dE +0(x.2.p.9). (35)

0

-2 J and prove the following main theorems.

We now fix the number ¢, > ma){o, In
1
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Theorem 2: Let a(0) a5, +a(1) By 20, 9(x) € C*[0.1], 19| ,=00=23),a(x)>0,xe [0.1],
a(x) € C[0,1], b(x) € C[0,1], c(x) € C[0,1] ; and a(0)a(1) # 0. Then the problem (1)-(4) has a solution and is represented by

the following formula

1 2
- ﬂ./_l lt
u(x,t) (o(x)+—iJ: e’ X

Et

XHGZ(x,é,ﬂ)(a(f)w"(f)+b(§)¢'(5)+c(§)¢(5))d§—
-0(x,4,9(0 ]d/1+— J./iel ‘0(x,2,p.q)dA. (36)

Proof: It is seen from formula (36) that the solution consist of three integrals and each of them is studied in the same way.

uy (x,8) = f Ate?td f 6, (x, &, D[a®)e" (€) +

c~+

+b($)<p’(s‘) + c(©e(9)]dS, 37
wy(x,0) = — = 3 171X Q(x, 1, 90(0), 0 (1))dA,  (9)
uz(x, t) = ifgz et 7, (x, A, p,q)dA. (39)

On the distant parts of the contour 5§ E ie. Re A>C,
1 El

2 ir V20902
|e#t| = et cos2arga — i cos(+%) — ,—FtlAl )

And by means of the estimation (33) it is clear that
U () eEC*'(0<x<1,t>0NCO<x<1t=0) (41)

2
And this enables us that the operators ﬂi’ ;—2 ,X = 0,x = 1,t — 0 can be taken under the integral sign (37).

We have

J 4 1 = d
-~ —1,A%t 92
(3 ﬂt)ul(x t) = m!l € d‘a“['(.ﬁbc"l)><
3¢

1

X f G2 (x, &, D[a@) e (§) + b’ () + c(He(D)]dE =

0

__al)e"() + bEDY' () + c()p(x) f g
i
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_a®)e"(x) + b(EX)e'(x) + c(x)e(x) f}l‘lelzfd,1+ f,rle"zt al

2mi

[ 4]

Jcl

| a()e"() + bEDE'() + e | f .

21l r—eo
Scyy
+ J A et di + J;rleﬂzf da + A et di| =
o 3n = 3 5
%(—g) “ar %(57g)

= —(a(x)¢" (x) + b()9'(x) + c()9(x)), (42)

for 1 >0. By means of (40) the integrals on the arcs () (_ S—K, — 3-“) Q. (3—97, S—H) tend to zero as r—oo,
8 8 8’8

The function G, (x, £, 4) is analytic in the domain Re A>0, and using the estimation (33) we find

w0 =7 [ 2170 [ 6008 D@0 @+ ) + ot

1

_1 [ A1da f 6 (0, & D[a©)e" () +b (e’ ©) + c(©)p()]dE +

me
=t

1

+ J A~ da fGz(x,é’,3)[ﬂ(€)fp”(f)+b(5)fﬂ'(5) +c(§e(©)]ds (=0,

o(-55) ’
(43)
and for £~0 by (33), (40) and equalities (34) we have
1 1
w0 = [11erd [ 6,606 DlaCe"©) +
8¢, 0

+b(E)¢'(§) + c()p(9)]dE = 0,(s = 0,1). (44)

We now study the second integrals u, (x,?). It is seen from formula (31) that the function Q(x, 4, ¢(0), ¢(1)) in the
domain Re 2>, is analytic and the following estimations are valid for it

1Al [ cos "’”(Lfox e )“’S%ﬂ c3 (43)
IQ(xl ’1! (P(O)! (P(l))l < (51 (@ + %12 a(®) +

m;

3m 3m

on the distant parts (Re A>c,) of the contour F£  and on the arcs @, (— ?,?), r > 2c;¥1+v/2 and the estimation
1
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x dé 37
h 7w |

0%Q(x, 2, 9(0), (1))
dxk

< cyl]*e

3n

(1= Yot
vegpae e MR Tg) ooy | e

Il'llk+1'

(k=0,1,2)  (46)

for all x€[0,1].
If follows from (40) and (46) that

uy(x,t) EC*(0=x<1t>0)

and in (38) for t>0 the operations |, (i 2), x — 0,x — 1, can be taken under integral sign.

ax ' at

Then allowing for (32), we obtain
ad 0
L (a,a) uz(x, t) = 0,

uy(s, t) = —% j A let’tdy = —qD?S) i11_’1% J A et dl = —¢(s), (s = 0,1),

+ =+
Jcl ‘Jcl'r

As can be seen from (45), for x, belonging to any segment of [x,, x,] € (0,1), the integral (38) converges uniformly with

respect to ¢ > 0. Then u,(x,t) € C(0 < x < 1,t = 0) and for x € [x;, x,]

1 1
uy (x,0) = — J A1 Q(x, 4, 9(0),9(1))dA = —X

23]

s
€1

X lim

TT—00
&+

Nepr

g8's

J A71Q(x, 4, 9(0), (1)) dA +

o omam 7 Qe p (@ p(0)dA] =0 (4D

where the function Q(x, A, ¢(0), (p(l)) is analytic inside the closed contour Fgl -

Also, u, (x,t) is studied in the same way. Combining theorems 1, 2, we arrive at the following final statement

Theorem 3: Let a(O)afDﬁl +ﬂ(1) By #0. . p(x)ecC?|0.1] and qu)‘hﬂ =0 (j=2.,3). Then problem (1)-(4) has a

unique solution represented by formula (36).
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