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ABSTRACT

and bipartite decomposition of kind of graph associated with vector space.

LetV be a n-dimensional vector space over the field F with a basis 8 ={a,,a,....,,}. In this paper, we obtain the resolving parameters like metric dimension

and partition dimension of graphs associated with vector space. Also, found the values of metric-locating-domination number, locating-domination number,
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Introduction

Let [Fbe a finite dimensional vector space over the field[F with
with®B=0a,,a,.,...,a, as a basis. Any vector v e V can be expressed
uniquely as a linear combination v =a,¢, + 4,2, +...+a,a, Where
a, e F and the same is denoted by v=(a,,a,....a,). The skeleton of
vevjo; With respect to % is defined as s, (v)={a,:q, 20,i=1,2,...,n}

The non-zero component union graph ['(Vy)of V 1espect to B

is the simple graph with vertex sety = v\ 0 and two distinct non-
zero vectors u,v €V are adjacent if and only if S, («)u S, (v)=2 g.
This graph is introduced and studied by A Das in [1], in [2] the
author’s found the Topological indices of non-zero component
union graph and in [3] The author’s produce the result related to the
genus of non-zero component union graphs of vector spaces. Also,
he constructed nonzero component graph of finite dimensional
vector space in [4] and resolving properties of nonzero component
graph are obtained by U Ali in [5].

S Maity and AK Bhuniya was defined and studied the linear
dependent graph of vector space, whose vertex set is Vand edge
set is defined as two vertices are adjacent if and only if they are
linearly dependent [6]. The linear dependent graph of vector space
is denoted byr(v).In [6], the completeness, diameter, independent
number, clique number, chromatic, Eulerian, vertex connectivity
and edge connectivity of linear dependent graph of vector space
are studied.

A graph G=(V,E)be a simple graph with non-empty vertex set V'
and edge set E. The number of elements in Vis called order of G
and the number of elements in E is called the size of G. A graph

G is said to be complete if any pair of distinct vertices is adjacent
in G. we denote the complete graph of order # by K . One point
union of n copies of a graph G is defined as all the vertices in
n copies of graph G is adjacent to new vertex and it is denoted
by G" A graph G is bipartite if the vertex V" can be partitioned
into two disjoint subsets with no pair of vertices in one subset
is adjacent. A star graph is a bipartite graph with any one of the
partitions containing a single vertex and the same is called as the
center of the star graph. A graph G is connected if there exists a
path between every pair of distinct vertices in G. The degree of
the vertex v e, denoted byd(v).is the number of edges in G which
are incident with v A graph G is said to be r-regular if the degree
of all the vertices in G is r. The diameter of a connected graph is
supreme of shortest distance between vertices in G and is denoted
by diam (G). The girth of G is defined as length of the shortest
cycle in G and is denoted by gr(G) If G contains no cycles then,
gr(G)=w . Awalk in a graph G is a finite non-null sequence

W =veve,...ev, , whose terms are alternatively vertices and
edges, such that, for | <i <k and ends of e, are v—1 and V; .

The walk W is said to be a trial if the edges e,,..., e, of the walk W are
distinct. Further if vertices v,, v,,...,V, are also distinct, then ¥ is called
a path. The distance between two verticesu,v e Vis the length of a shortest
path between them and it is denoted by 4 (u,v) Given a vertex u in a graph
G, the open neighborhood of u in G is the set {veV|d(u,v)=1} and it

is denoted by ~(«). The closed neighborhood of u in G denoted by Nu]
is the set{ve¥ |d(u,v)=1}uu. For two vertices u and v in a graph G, denoted
by N[u] is the set{veV|d(«,v)=1}Uu. For two vertices u and v ina
graph G, denoted by N[u] is the set {veV|d(u,v)=1}uu. For two vertices
u and v in a graph G, define u = v if N[u] = N[v] or N[u] = N[v].
Equivalently, u = v if and only if ¥ (u)\ {u}=N(v)\ {u} . The relation = is
an equivalence relation (see[10]). If u = v, then u and v are called twins.
The set of vertices is called a twin-set if any two of its vertices are twins.

A set W cVis a resolving set if for each pair of distinct vertices
u,v €V there is a vertex w €W such that d(u,w) # d(v,w). Aresolving
set containing a minimum number of vertices is called a minimum
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resolving set or a basis for G. The cardinality of a minimum
resolving set is called the resolving number or dimension of G
and is denoted by diam (G). A resolving set W is said to be a
star resolving set if it induces a star, and a path resolving set if it
induces a path. The minimum cardinality of these sets is called
the star resolving number and path resolving number its denoted
respectively by sr(G) and pr(G) A subset TEV and a vertex v of
G, the distance d(v, T) between v and T is defined as

d(v,T)=min{d(v,x)|xeT}. For an ordered k-partition

M={7,T,....T;} of ¥ and a vertex v€V, the representation of v
with respect tortis defined as k-vectors r(vim)=(d(v.5),d(wT3),....d(wT,)).
The partition 11 is called a resolving partition if the k-vectors
r(v\|II),ve?, are distinct. The minimum k for which there is
aresolving k-partition of V is the partition dimension pd(G) of G.

A subset D of V'is called dominating set if any vertex in V \ D is
adjacent with at least one vertex in D. The minimum cardinality
of D is called domination number and it is denoted by y(G) The
observation rules are as follows

1. Any vertex that is incident to an edge is observed.

2. Any edge joining two vertices is observed.

3. If a vertex is incident to a total of k> 1 edges and if £ — 1 of
these edges are observed

Then all £ of these edges is observed. A set S to be a power
dominating set of a graph if every vertex and every edge in the
system is observed by the set S. The power domination number
y (G) of a graph G is the minimum cardinality of a power
dyominating set of graphs G. A set of vertices of G is called
a metric-locating-dominating set for G if it is resolving and
dominating. The metric-locating-dominating number, denoted by
mld_, is the minimum cardinality of a metric-locating-dominating
set of G. a metric-location-dominating set L is called locating-
dominating set if N(u) "L = N(v)nL for every two vertices

v,u e V' \ I, The locating-domination number, denoted by /dG , is

the minimum cardinality of a locating-dominating set of G. a
graph G is said to be embedded in a surface S if G can be drawn
in S such that edges intersect only at vertices of G. The genus of
graph G is denoted by g (G), is the minimum integer n such that
the graph can be embedded in S, where S denotes the sphere
with n handles. For undefined terms in graph theory, we refer [7].

We list out certain existing results which will be referred in this
paper.

Theorem 1.1

([1, Theorem 4.2]) LetV be an n — dimensional vector space over a
finite field F with q elements. Then r(v,)is complete if and only if
v is one-dimensional and |F|=2.

Lemma 1.2

([8, PP. 341]) Suppose u, v are twins in a connected graph I" and
W resolves I'. Then, u or v is in W. Moreover, if ueWand ve¢W,
then o7\ {u})u{v} also resolves I

Lemma 1.3

([9, Lemma 2.2.]) Let IT be resolving partition of the vertex set V'
and u,veV. g'fd(u, w) =d(v,w) forall ve V{u, v}, then u and v
belong to different classes of TI.

Theorem 1.4
([6, Theorem 2.4]) The domination number of T'(V) is 1.

Lemma 1.5
([10, Theorem 6.38]) g(k,) :(

¢(K,)=1if n="5,6,7.

(n=3)(n-4)

T —‘ if n > 3. In particular

Lemma 1.6
([11, Lemma 1]) if G|, G,and G are connected graphs such that

G=G, UG, =v(avertexof G), then g(G)<g(G)+g(G,)

Lemma 1.7
([11, Lemma 2]) if is a connected graph having a subgraph G, and
ablock G, such that G=G UG, =V (avertex of G), then

2(G)zg(G)+g(Gy).

Metric Dimension of I"(Vy)

In this section, we found the values of resolving number, metric-
locating-domination number, locating-domination number of
non-zero component union graph vector space I'(V,,)

Lemma 2.1: The equivalence relations = are = same in T(V,).

Proof
Let u,veV, with u=v. Then, § = § . Hence any vertex w is
adjacent to u in T'(V,,) if and only if w is adjacent to v. Since,

S,uS8, =S uS, =%B. Conversely, Let u=v. Then,

N(u)\{v} =N (v)\ {u«}. We have to show that Suppose, we assume
that S, = S,, exit some «, €5, withe, € S, Now consider the vertex
wwith § =%\ 5,.fw=eonsider the vertex w with S is adjacent
to u but not v. Otherwise, w is adjacent to u but not v. The above
two cases we get contradiction. Hence S, =S .

Lemma 2.2

Let V be an n >2 dimensional vector space over the field F
of order 2 with the basis B={a,.a,,...,a,} and X ={v,:1<i<n}
where S, =8\ {a,}.Then X\ {v,} is contained in any resolving
set of T(V,). Also x\{v,} is not a resolving set.

Proof
For q =2, a twin-set C  is of length 1 for every element of v
Let Wis resolving set of I( ) x={v <i<n} where

Sy =B\ {a,} and v be the vertex whose skeleton is S=0a,a,....0

n’

i.e.v=a to,*...~o . Suppose any two elements v, and v, in X'is not
in W. Then (a, a/.) has no resolving element in . Since, (o, aj) is
resolved by either v, or v and N(a,) = v. Which is a contradiction.
Hence ¥\ {v} is contained in any resolving set. Also X \ {v,}
is not a resolving set, since there is no resolving element of

(v, v,()inX\{vk} for some v, e X

Theorem 2.3

Let n,g be integers. Let v be an n dimensional vector space over
the field F with ¢ elements. We have the following

1. Ifn=1then dimy,  =q-1.

2. If¢=2 and n>2, then dim, ,=n.

3. If ¢»2 and n>2 then dim, =;(ZJ ((g=Dk-1).

Proof

1). By Theorem 1.1 T'(V,) is complete graph of order g-1. Hence,
dimF(V%)=q—l.

2).For g=2 , a twin-set C  is of length 1 for every element v if' v
Let X ={v,:1<i<n} where S,, =B\ {«} . Now every two
elements from (V) is resolved by some v, € X. By Lemma 2.2
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dimy ., > n - Hence, we conclude that X is minimum resolving
set of I'(Vy) and dimy, =n.
3). For ¢>2, a twin-set C is of minimum length 2 for every element
vof V. By Lemma 1.2, a resolving set must contain all vertices,
except one, in every twin set C . For fixed k(1< k <n) there are
("j distinct twin sets and each twin sets have (4-1) elements.
k
Since g-1 choices and £ places. Hence any resolving set in r(v,)
n
k
1.2 resolving set I contains ¥ ={v,: 5, =B\ {a,}} for some

must contain at least ZZI[ J((q —1)* —1) elements. By Lemma

a, € It Since, any two vertices with different skeleton is resolved

by some v, € Y. Therefore dimy, ) = ZH:(ZJ ((g=Dk-1).

k=1

Let n,q be integers. Let vV be an n dimensional vector space over
the field 7 with ¢ elements. We have the following

1. Ifnzlthenzdr -1

(V) =9
2. Ifg=2 andn>2, then ld(

) n

3. Ifg>2andn>2 zdr%):i[g (g=Dk-1).

k=1

Proof
1). By first part of Theorem 2.3 and Theorem 1.1 we get

ldr(%) =q-1.
2). Let X as defined in the second part of the proof in theorem 2.3

is minimum resolving set and also every element of I'(V,)
is adjacent to at least one element in ¢. Hence is also a dominating

set so ldr%) =n.

(3). Let as defined in the third part of proof of the theorem 2.3
is dominating set. Since, every element of I'(V,) is adjacent to at
least one element in Y. Hence, ldy,) =y [Z] ((g-Dk~1) -

By definition of metric dimension, metric-locating-dominating
set and locating-dominating set we observe that dim, <mld, <1d,,.

This relation proves the following corollary.

Corollary 2.5
Let n,q be integers. Let V be an n dimensional vector space over
the field F with ¢ elements. We have the following

(1) Ifn=1, then midy ., =q-1.

(2) Ifg—2 and, then mild, ., =n.

(3) Ifq>2and n>2, then mid,, = Z(Zj (g =Dk -1).

k=1

Theorem 2.6
Letn>3, q>2 be integers. Let V be an n dimensional vector space
over the field F with ¢ elements then,

pdr(vm) =n+(q+Dn.

Proof

By Lemma 1.3 vertices form one twin-set is present in different
partition of any resolving partition. The largest twin-set in v is
skeleton of the vertices is % and cardinality of the set is (g+1)" .
Thus pd;,, 2 (@+Dn. Consider the partitionm={{x}.(v.}....{v,}. 5. P02, )
where v =2, @, and each P, contains exactly one vertex v from
the twin-set of vertices having the skeleton 1All other vertices of
I'(Vy) is distributed using Lemma 1.3. Further, any two vertices
from the same class of IT can be resolved by some v.. Thus, IT is
a resolving partition and r¢y,, <n+(¢+Dn . Next, we have to prove
that pdyy, 2n+(q+Dn. Let n=(4,4.... 4, B.,... B, be resolving
partition. pd,,,, > (¢+1)», one need to show that »'>» . Suppose any
v, € P, with 1< i <n and 1<j < (¢+1)". Then there exists one
element u € P, with S, =% . Now we have r(u|TT)=r(v, |T)) which is a
contradiction to fact that IT is resolving partition. Suppose ¥;and V,
are in same partition we get (v, [T =r(v, [TD) which is a
contradiction. Hence each v, in distinct partition other then P.
Hence n' > n this proves the theorem. ’

Decomposition of I' (V)

A decomposition of a graph G is a collection of edge-disjoint
subgraphs H |, H,,... H, of G belongs to exactly one H. For in this
section we produce the results related to possible decomposition of
I(Vy).

Theorem 3.1

Letn>1, g> 1 be integers. Let V be an n dimensional vector space
over the field F with ¢ elements then, r(v,) is decomposed into
complete bipartite graphs.

Proof
Consider the partition of Vis?, ={ver:|s,|=i}where 1< i< n. Now
consider the following three cases,

"l(":l?issectlse we characterize all the edges inside each ¥, where
I<i<n-1

Subcase i

For 1<i< EJ each element in J has no edge relation inside V.
Subcase ii

For [%—l <i<n-1,now each V has [7) twin sets with each twin

set have q—1 elements. Elements of each twin set has adjacent to

every element in [
n—i

! ]twin sets. Hence every twin set form the

[ ' ] times K(‘H), (¢1) Therefore inside V, is decomposed into
n—i ’ :

)
Li)\n=i) times Ky (.
2

Case 2
This case we characterize all the edges outside each ¥, where

n

\S]

[ﬂ <i<n-1.Since there is edge relation between V, for 1< <
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Sub Case i .
Suppose 7 is odd, let 1<i< {E—‘each vertex in V is center of

n—i-1 ;
star graph with Zk:@ (¢ —1)" Pendent vertices. Hence, all the

edges outside ¥, is decomposed into U:{' }(q_l)iszzj[lj(q_l)[

n
2

Sub Case ii "
Suppose 7 is even, let 1 <i< 5—1 each vertex in V, is center

of star graph with pendent ZZ: (¢-1) vertices. Hence, all the

edges outside are decomposed into Uftfq(q* 1)1‘52::1[;)@,1),»

Case 3

Leti=n every element in Vis adjacent to all other all elements in
v . Since, all the above cases all the edges are decomposed into
union of (¢g—1)"star graph with each of order (¢"-1)

Hence, '(V,) is decomposed into complete bipartite graphs.
Results on F( V)

In this section, we found the structure of I'( V) and genus of
linear dependent graph of vector space. Also, we found the power
domination number of T'( V).

Theorem 4.1:T'( V)is isomorphic to K¢/,

Proof

We observe that 0 is adjacent to all the vertices of I'( V). Each
one-dimensional subspace of v form a complete subgraph of
r'( V) .Also isinevery subspace of V. Since total number of
one-dimensional subspaces of V is ¢ +¢"” +...+1.Thereforer(v)
is one point union of ¢""'+¢"*+...+1 copies complete graph of
order g-1. Hence r(v) is isomorphic to k7" *#" 1.

Note that the eccentricity of 0eI'( V) is 1 and the eccentricity
of nonzero element of T'( V) is 2. By Theorem 4.1 we have the
following theorems.

Corollary 4.2: r(v) is decomposed into star and complete
graph.

By the observation 1 in [2] is any graph G,1<y (G)<(G) and by
Theorem 1.4, we have the following theorem.

Theorem 4.3: Power domination number 7, (F ( V)) is 1.
Theorem 4.4: Radius of the graph I'( V) is 1.

Theorem 4.5: g(I'( V))=(¢""+q"" +...+1){WW

Proof
By Theorem 4.1 T( V)is K7 *"*' . Let G, =K, (elements
of V generated by single element some v € V ) and

n—1 n—-2
G, =K!, " ""* Hence we get T( V)=G, UG, and G,"G, =2

then g(I'( V))<¢(G)+¢(G,). By theorem 1.5 g(G'){%W

and &(T'( V))é{%%g(@). Now to find g(G,) Let H,=Kgq

and H, = K;g’l’"w"’”--*lfz Hence we get G,=H,uH,and H,nH,=2

then g(G,) < g(H,)+ g(H,). By Theorem 1.3, g(H.HWW and

(r( V))Q{w}g(ﬂz). Now find g(H2) continuing this

12

o)

process up to ¢ +¢"* +...+1we get g(T'( V))é(q”"+q”’2+..-+l)[7("'31)(2q_4)]

9-3)(g-4)
1

Similarly, we can prove g(r( v))= (" +q"*+-..+1)[( 5 Wby using

lemma 1.7. ¢(r(V))=(s""+4"* +m+l)[7(q731)(2q74)]»
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