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Introduction
The combinatorial theory of species, introduced by Joyal  in  , in 
this general framework [1]. Initially, Joyal considers a species of 
structures as a functor between two categories. F. Bergeron for his 
part, puts the emphasis on the transport along the bijection 22222    
Here, we will emphasize the transport of species of structures
along the braids group        [3-7]. To do this, we will need a set
        , a set with                elements, U being a set such that each 
of its elements has m strands, m> 2.

The particularity in this new way of thinking is to generate even 
more combinatorial structures of species [8,9]. We use the braids 
group with m strands that we will act on the set of t -structures of 
a species   . The action in question will have effects on the labels, 
this means that the vertices of a t -structure will be renamed by 
braid fi -words obtained from the strands which are inside them.

It provides a unified understanding of the use of generating series 
for both labeled and unlabeled structures, as well as a tool for the 
specification and analysis of these structures [10,11]. Of particular 
importance is its capacity to transform recursive definitions of 
structures into functional or differential equations, and conversely. 
Encompassing the description of structures together with 
permutation group actions, the theory of species conciliates the 
calculus of generating series and functional equations with Pólya 
theory, following previous efforts to establish an algebra of cycle 
index series.

We start with some considerations about the notion of  t-structure. 
This approach, newly introduced here, will not only allow us, 
through preliminary considerations, to better understand in a 

natural way the fundamental concept of the species of  t-structures. 
But also to undertake even larger lodges than those we had when 
we was just talking about species structures [12,13].

Section 2 presents first, notion of t-structure and fundamental 
example and then presents a study of algebraic structure of the 
group       . Section 3 is devoted to transport of species of
t-structures.

Preliminaries 
Notion of  t-structures 

Definition 0.1: A  t-structure St is a construction γt which one 
performs on a finite set  [U]m ;

where [U]m is a finite set of  Card (U) elements, in which each of 
its elements has m strands. 
It consists of a pair 

It is customary to say that [U]m is the underlying set of the structure   
St or even that St is a structure constructed from the set [U]m.

Example 0.1: Let    be a species of  t-structures on  [U]3, where
U = {1,2,3}.

Figure 1: A combinatorial t-structure of species
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F.Bergeron defines the transport of species of structures as the 
action of the symmetric group      on         the set of  t-structures on
U, and yet we want to define the action of the braid group       on
         : Hence the name, the transport of species of  -structures 

[14]. 

Algebraic Structure of Group
Originally, the m-strand braid group      is defined as the group 
of isotopy classes of geometric braids with m strands [15,3]. An 
algebraic exposition has been established by E. Artin, and it is this 
aspect that will be used in this work [1]. For us,      is therefore 
the group presented as follows:

                                                                                 >          (1)

Thus a braid with   strands is an equivalence class of words in the 
letters      , where the map                      is defined by:

  
          fi =

Such words will be called fi -braid words. We will refer to the letters
σi as generators of Artin. The standard correspondence between 
elements of      ’s presentation and geometric braids is to use
as a code for the geometric braid where the ith strand and the (1+i)th

strand cross, with the convention that the strand originally in 
position (1+i) passes above (resp. below) the other if fi is counted 
positively (resp. negatively).

The diagrammatic interpretations of the letters       illustrate this 
fact.  

Figure 2: Interpretation of the letters         as a diagram

Notation 0.1: Let        denote the alphabet whose letters are the
        .  The set                                     and      the group congruence 
generated by the relations of the presentation (1).     is defined by:   

and 

Definition 0.2: A  fi-word of braid       is a concatenation of the 
letters       ,            , obtained by elementary crossing of the 
ith strand with the remaining strands.

Where     denotes the set of possible elementary different 
fi. -crossings of the ith strand with the remaining strands.

If                         is counted positively (resp. negatively) we say 

that        is a positive (resp. negative) braid word. Thus any braid

      can be seen as an equivalence class of       -words for the 
relation     . But counting of      -words in their respective orbits 
will be discussed in a future paper. Here is a diagram interpretation 
illustrating a geometric braid.

Figure 3: Interpreting braid fi -words as a diagram

                           ,                         ,                    ,                          .

               is a bijection such that                              is given
by the formula                              ; more simply

Transport of Species of  t-Structures
To better understand the notion of transport of t-Structures st , 
consider the following proposition.

Proposition 0.1: Let st be a t-structure on [U]m, the transport of the
t-Structures st along      gives on arrival a t-structure on [V]m.

Proof 0.1:                         is a construction γt on [U]m and ωt , 
a  fi-word concatenation of braid      ,             . During transport 
along ωt , we observe that each element               is send on a 
braid fu -word       . As a result, every element of              is 
relabeled by a braid fu -word               . This transport therefore 
preserves the t-structure while relabeling the vertices of this 
t-structure.  

Remark 0.1: Obviously                                    , however the 
construction of the elements of         is not unique along      . 
For each vertex of         , we have                 possible braid 
fi- words.

Example 0.2: Take as an example the transport of the t-structures 
of the species of rooted trees, a, along ωt. The species we use here 
are those introduced by A. Joyal [14].

For each finite set [U]m, we denote by a[U]m the set of all  
t-structures of species of rooted trees on [U]m. Thus, if
denotes the set of all structures of simple graph on          ,    . 
That means,
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where                   stands for the collection of (unordered) pairs 

of elements of           . Then                             .
 

Moreover, each               induces, by transport of  t-structures, a 
function

describing the t-transport of rooted trees along ωt.

Formally, if                                     , then 

where           is the set of pairs               ,                . Thus each 
edge         of t-structures     finds itself relabeled              in        .

Since this transport of  t-structures of rooted trees     along
is only a relabeling of the vertices and edges by ωt. It is clear that 
for bijections                             and                               , one has:    

and that, for the identity map                                    one has:

                                . 
                             

These two equalities express the functoriality of the transports 
of  t-structures          . It is this property which is abstracted in the 
definition of species of  t-structures.

Definition 0.3: A species of  t-structures is a rule     which produces: 

1. for each finite set           , a finite set               , 

2. for each bijection                              , a function

The functions            should further satisfy the following functorial 
properties:

a) for all bijections                              and                             :

b) for the identity map                               :                             .

Remark 0.2: An element                  is called a  -structure of 
species     on [U]m ; [U]m being a set of cardinality Card (U)  and 
each element has m strand. The function           is called the transport 
of   - t-structures along ωt. The advantage of this definition of 
species is that the rule    , which produces the structures
and the transport functions           , can be described in any fashion 
provided that the functoriality conditions hold.  

Example 0.3: Reconsider the species of rooted tree
whose underlying set is U= {1,2,3,4} = [4]. Replace each element 
of [U]m by those of                                             via the bijection 
ωt described by the following figure. This figure clearly shows 
how the bijection ωt described by the following figure. This figure 

clearly shows how the bijection ωt allows the  -transport of the 
rooted tree   onto a corresponding rooted tree    , on the set [V]m. 
Simply by replacing each vertex               by the corresponding 
vertex                  We say that the rooted tree  a' has been obtained 
by transporting the rooted tree a along the bijection ωt and we write

one has the following figure:

Figure 4: Labelled  t-structures along ωt 

In this case,                         ,                     ,  

From a purely set theoretical point of view, this amounts to 
replacing simultaneously each element              appearing in γt
by the corresponding element          of        in the expression of
ωt.

Definition 0.4: Consider two     - t-structures                 and
                . A bijection                         is called an isomorphism 

of st to     if                      . One says that these  t-structures have 
the same isomorphism type.

Remark 0.3: An isomorphism from st to st is called be an 
automorphism of st . What is remarkable in the definition (0.3) 
is that the rule     which generates the sets         and the transport
         . can be described arbitrarily provided the transport 
is consistent, verifying functoriality properties.

Theorem 0.1: Two      -t-structures                 nd
are isomorphic t-structures if the elements of the underlying set 
are indistinguishable points.

Proof 0.2: Let     and     be two isomorphic    -t -structures belonging 
respectively to          When transporting from  t-structure     to
-structure τt, the labels of  t-structure     are replaced to obtain those 
of  t-structure τt on [V]m. Similarly, the transport from  t-structure
τt to t-structure st cause the labels of  t-structure τt to be replaced 
to obtain those of  -structure st. This reciprocal transport
                     and                        from .t .-structure st to 

t- structure τt is only possible when the two  -structures have the 
same labels. That means they cannot be distinguished, they have 
the same type.
 
Conclusion
In this paper, it was question to present a species of structures 
along the braid group    .

It appears that, contrary to the symmetric group    , the braid 
group     . constitutes a combinatorial enrichment of the notion 
of species of structures.
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The transport of  t-structures of a species    consists of a relabeling 
of the underlying set [U]m along             . The notion of t-structures 
preserves the form of the species of structures on a set of cardinality.

In the next paper, we will introduce some of the first power 
series that can be associated to species: generating series, types 
generating series, cycle index sees. They serve to encode all the 
information concerning labeled and unlabeled enumeration [16].

References
1. Artin E (1925) Theory of braids. Abh Math Sem Univ 

Hamburg   4: 47-72.
2. Bergeron F, Labelle G, Leroux P (1994) Species theory and 

combinatorics tree structures. LACIM University of Montreal 
and UQAM, Quebec, Canada 19. https://ecajournal.haifa.
ac.il/Volume2021/ECA2021_S1H3.pdf .

3. Dehornoy P (1994) Braid groups and left distributive 
operations. Trans Amer Math Soc 345:115-150.

4. Mr Jean Fromentin (2009) Normal rotating shape of braids. 
Doctoral thesis 7-45.

5. Birman J (1975) Braids, links and mapping class group. Univ 
Press https://www.jstor.org/stable/j.ctt1b9rzv3 . 

6. Brieskorn E (1988) Automorphic sets and braids and 
singularities. Contemp Math Amer Math Soc Providence 
78: 45-117. 

7. Cartier P (1989) Recent developments on braid groups, 
applications to topology and algebra. Bourbaki Seminar, 
presentation 32: 17-67.

8. Larue D (1994) On braid words and irreflexivity. Algebra 
Univ 104-112. 

9. Garside FA (1969) The braid group and other groups. Quart 
J-Math Oxford 20: 235-254. 

10. Pineau K (1995) A generalization of indicator series of 
species of structures,PhD. Dissertation, University of 
Quebec at Montreal, Publications of the Combinatorics and 
Mathematical Computing Laboratory 21: https://bergeron.
math.uqam.ca/wp-content/uploads/2013/11/book.pdf.

11. Méndez M, Yang J (1991) Möbius Species. Advances in 
Mathematics 85: 83-128.

12. Labelle J, Yeh YN (1989) The Relation Between Burnside 
Rings and combinatorial Species. Journal of Combinatorial 
Theory Series A 50: 269-284.  

13. Labelle J (1983) Various applications of the combinatorial 
theory of species of structures. Annals of Mathematical 
Sciences of Quebec 7: 59-94.

14. A Joyal (1981) A combinatorial theory of formal series. Adv 
in Mathematics 42: 1-82.

15. Dehornoy P (1994) Braid groups and left distributive 
operations. Trans Amer Math Soc 345: 115-150. 

16. Gabriel Cedric Pemha Binyam, Laurence Um Emilie, Yves 
Jonathan Ndje (2023) The mΘ Quadratic Character in the 
mΘ Set ZnZ. Mathematics and Computer Science 8: 11-18.

F

t mω ∈B


